In this paper three dimensional real hypersurfaces in non-flat complex space forms whose k-th Cho operator with respect to the structure vector field commutes with the structure Jacobi operator are classified. Furthermore, it is proved that the only three dimensional real hypersurfaces in non-flat complex space forms, whose k-th Cho operator with respect to any vector field X orthogonal to structure vector field commutes with the structure Jacobi operator, are the ruled ones. Finally, results concerning real hypersurfaces in complex hyperbolic space satisfying the above conditions are also provided.
of all these hyperplanes is the ruled hypersurface. Equivalently, for ruled hypersurfaces in M n .c/ we have that the maximal holomorphic distribution D of M at any point, which consists of all the vectors orthogonal to is integrable and it has an integrable manifold M n 1 .c/, i.e g.AD; D/ D 0.
Last years many geometers have studied real hypersurfaces in M n .c/ under certain geometric conditions. More precisely, the structure Jacobi operator of them plays an important role in the study. Generally, the Jacobi operator with respect to X on M is defined by R. ; X /X, where R is the Riemannian curvature of M . For X D the Jacobi operator is called structure Jacobi operator and is denoted by l D R D R. ; / .
Another topic of great importance in the study of real hypersurfaces in non-flat complex space forms is the study of them in terms of their generalized Tanaka-Webster connection. The notion of generalized Tanaka-Webster connection was first introduced by Tanno in [14] 
where X , Y are tangent to M and k is non-null real number. The second author in [12] introduced the notion of k-th Cho operator corresponding to a vector field X as a tensor field of type (1,1) defined in the following way 
So relation (1) due to (2) becomes
Notice that if X 2 D, the k-th Cho operator does not depend on k, so it is written F X Y and is called Cho operator associated to X . In [12] the second author began the study of real hypersurfaces in CP n , n 3, whose k-th Cho operator satisfies commuting conditions with the structure Jacobi operator of them. More precisely, he classifed real hypersurfaces in CP n , n 3, whose structure Jacobi operator satisifies the commuting relation F .k/ l D lF .k/ . Furthemore, he also proved that the structure Jacobi operator commutes with the Cho operator, i.e. F X l D lF X , only for ruled hypersurfaces in CP n , n 3.
.k/ X l. Geometrically, this means that any eigenspace of l is preserved by F .k/ X . The purpose of this paper is to extend the previous work in case of three dimensional real hypersurfaces in M 2 .c/ and in case of real hypersurfaces in CH n , n 3. More precisely the following Theorems are proved: .c/, whose Cho operator associated to any vector field X orthogonal to commutes with the structure Jacobi operator, i.e. F X l D lF X . Then M is locally congruent to a ruled real hypersurface. Theorem 1.4. Let M be a real hypersurface in CH n , n 3, whose Cho operator associated to any vector field X orthogonal to commutes with the structure Jacobi operator, i.e. F X l D lF X . Then M is locally congruent to a ruled real hypersurface. This paper is organized as follows: In Section 2 basic relations and results about real hypersurfaces in M n .c/ are provided. In Section 3 proofs of Theorems 1.1 and 1.2 are provided. Furthermore, a Proposition which holds for nonHopf hypersurfaces in M n .c/, n 3 is also presented. Finally, in Section 4 the proof of Theorem 1.3 is included. Remark 1.5. As an immediate consequence of relation (3) we have that the condition of commutativity of the k-th Cho operator with respect to any vector field X with the structure Jacobi operator is equivalent with the condition of coincidence of the covariant and generalized Tanaka-Webster derivatives of the structure Jacobi operator, i.e. O r .k/ X l D r X l. Therefore, from Theorems 1.1 and 1.3 there do not exist real hypersurfaces in M 2 .c/ such that O r
.k/ l D rl for any k 2 R f0g.
Preliminaries
Throughout this paper all manifolds, vector fields etc. are assumed to be of class C 1 and all manifolds are assumed to be connected. Furthermore, the real hypersurfaces M are supposed to be without boundary.
Let M be a real hypersurface immersed in .M n .c/; G/ with complex structure J of constant holomorphic sectional curvature c. Let N be a unit normal vector field on M and D JN the structure vector field of M. where g is the Riemannian metric induced from the metric G.
The shape operator A of the real hypersurface M in M n .c/ with respect to N is given by
The real hypersurface M has an almost contact metric structure .'; ; Á; g/ induced from J on M n .c/, where ' is the structure tensor which is a tensor field of type (1,1) and Á is an 1-form on M such that
Moreover, the following relations hold
The fact that J is parallel implies N rJ D 0. The last relation leads to
The ambient space M n .c/ is of constant holomorphic sectional curvature c and this results in the Gauss and Codazzi equations to be given respectively by
where R denotes the Riemannian curvature tensor on M and X , Y , Z are any vector fields on M. Relation (5) implies that the structure Jacobi operator l is given by
for any X tangent vector to M , where˛D Á.A /.
The tangent space T P M , for every point P 2 M , can be decomposed as
where
and is called (maximal) holomorphic distribution, (if n 3). Due to the above decomposition, the vector field A can be written
whereˇD j'r j and U D 1 'r 2 ker.Á/ is a unit vector field, provided thatˇ¤ 0. We provide the following Theorem which in case of CP n is owed to Maeda [6] and in case of CH n is owed to
Montiel [7] (also Corollary 2.3 in [9] ).
Remark 2.2. In case of real hypersurfaces of dimension greater than three the third case of Theorem 2.1 occurs when˛2 C c ¤ 0, since in this case relation ¤2 holds. Furthermore, the first of (4) and (7) for X D W and X D 'W respectively implies
Remark 2.3. In case of three dimensional Hopf hypersurfaces we can always consider a local orthonormal basis fW; 'W; g at some point P 2 M such that AW D W and A'W D 'W . So relations (8), (9) and (10) hold.
Finally, the following Theorem plays an important role in the study of real hypersurfaces in M n .c/, which is due to Okumura in case of CP n (see [10] ) and to Montiel and Romero in case of CH n (see [8] ). It provides the classification of real hypersurfaces in M n .c/, n 2, whose shape operator commutes with the structure tensor field '. .A 1 / a geodesic hypersphere of radius r , where 0 < r < 2 , .A 2 / a tube of radius r over a totally geodesic CP k ,.1 Ä k Ä n 2/, where 0 < r < 2 :
In case of CH n .A 0 / a horosphere in CH n , i.e a Montiel tube,
.A 1 / a geodesic hypersphere or a tube over a totally geodesic complex hyperbolic hyperplane CH n 1 ,
.A 2 / a tube over a totally geodesic
Auxilary facts about three dimensional real hypersurfaces in complex space forms
Let M be a non-Hopf hypersurface in M 2 .c/ and fU; 'U; g be a local orthonormal basis at some point P of M . Then the following Lemma holds Lemma 2.5. Let M be a non-Hopf real hypersurface in M 2 .c/. The following relations hold on M
where˛,ˇ, ; ı; ; Ä 1 ; Ä 2 ; Ä 3 are smooth functions on M andˇ¤ 0.
Remark 2.6. The proof of Lemma 2.5 is included in [11] .
The structure Jacobi operator for X D U , X D 'U and X D , due to (11), implies
The Codazzi equation (6) for X 2 fU; 'U g and Y D because of Lemma 2.5 implies the following relations
U˛ ˇD 3ˇı;
D˛ı CˇÄ 2 2ıÄ 3 ;
.'U /˛D˛ˇCˇÄ 3 3ˇ ;
.'U /ˇD˛ CˇÄ 1 C 2ı
and for
Furthermore, combination of the Gauss equation (5) Let M be a three-dimensional real hypersurface in M 2 .c/ whose k-th Cho operator associated to commutes with the structure Jacobi operator, i.e.
for any Y 2 TM . The above relation due to (2) for X D implies 
Real hypersurfaces in CH n ; n 3
First we provide the following Proposition which holds for non-Hopf hypersurfaces in M n .c/, n 3. Proof. The inner product of Codazzi equation, because of the relation for the shape operator yields:
.'U /ˇDˇ2 CˇÄ 1 C c 2˛. 
.'U /.ˇ2 c 4˛/ Dˇ.ˇ2 CˇÄ Relation (27), because of (23), (25) and (24), yields:
and so relation (23) (4) implies respectively:
.
Differentiating (31) and (32) with respect to U and respectively and substituting in (33) and due to (29), (26) and (31) we obtain: On the other hand from relation (34), because of (31), we obtain: Ä 1 D 2ˇ. Substitution of Ä 1 inˇÄ 1 D˛2 5ˇ2 yields: 3ˇ2 D˛2. Taking the covariant derivative along 'U of 3ˇ2 D˛2, because of (24), we conclude:ˇD 0 which is a contradiction and this completes the proof of the present Proposition.
Let M be a real hypersurface in CH n , n 3, whose structure Jacobi operator commutes with the k-th Cho operator associated to . In this case relation (22) also holds. In CH n relation c D 4 holds.
Let N be the open subset of M such that
Following similar steps to those in case of three dimensional real hypersurfaces and taking into account relation (7) for X D U and X D 'U we obtain l U D l'U D 0. If˛¤ 0 the latter implies
The above relation leads to the conclusion that D U , which is the orthogonal complement to spanfU; 'U; g, is
The last one because of relation (7) 
Proof of Theorem 1.3
Let M be a three-dimensional real hypersurface in M 2 .c/ whose k-th Cho operator associated to any vector X 2 D commutes with the structure Jacobi operator, i.e.
for any Y 2 TM . The above relation due to (2) for X 2 D implies
Suppose M is a Hopf hypersurface then Theorem 2.1 and remarks 2.2 and 2.3 hold.
Relation (37) for X D W and X D 'W because of (10) olds. Substitution of the previous values in (8) and taking into account D leads to a contradiction. Therefore, we conclude: Proposition 4.1. There do not exist Hopf hypersurfaces in M 2 .c/ whose Cho operator corresponding to any X 2 D commutes with the structure Jacobi operator.
Next we examine non-Hopf hypersurfaces. Let fU; 'U; g be a local orthonormal basis at some point P 2 M. The shape operator with respect to this basis is given by (11) .
The inner product of relation (38) for X D 'U with U due to (11) and (12) . Differentiation of the latter with respect to 'U implies .'U /ˇD 0 and relation (18) impliesˇÄ
Furthermore, differentiating D 0 with respect to 'U and taking into account relation (19) yields
Relations (13), (15) 
